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ON COMPLEMENTED COPIES OF THE SPACE c0 IN SPACES
Cp(X × Y )
J. KĄKOL, W. MARCISZEWSKI, D. SOBOTA, AND L. ZDOMSKYY
Abstract. Cembranos and Freniche proved that for every two infinite compact Hausdorff
spaces X and Y the Banach space C(X×Y ) of continuous real-valued functions on X×Y
endowed with the supremum norm contains a complemented copy of the Banach space c0.
We extend this theorem to the class of Cp-spaces, that is, we prove that for all infinite
Tychonoff spacesX and Y the space Cp(X×Y ) of continuous functions on X×Y endowed
with the pointwise topology contains either a complemented copy of Rω or a complemented
copy of the space (c0)p = {(xn)n∈ω ∈ Rω : xn → 0}, both endowed with the product
topology. We show that the latter case holds always when X × Y is pseudocompact.
On the other hand, assuming the Continuum Hypothesis (or even a weaker set-theoretic
assumption), we provide an example of a pseudocompact space X such that Cp(X ×X)
does not contain a complemented copy of (c0)p.
As a corollary to the first result, we show that for all infinite Tychonoff spaces X and Y
the space Cp(X × Y ) is linearly homeomorphic to the space Cp(X × Y )×R, although, as
proved earlier by Marciszewski, there exists an infinite compact space X such that Cp(X)
cannot be mapped onto Cp(X) × R by a continuous linear surjection. This provides a
positive answer to a problem of Arkhangel’ski for spaces of the form Cp(X × Y ).
Our another corollary—analogous to the classical Rosenthal–Lacey theorem for Banach
spaces C(X) with X compact and Hausdorff—asserts that for every infinite Tychonoff
spaces X and Y the space Ck(X × Y ) of continuous functions on X × Y endowed with
the compact-open topology admits a quotient map onto a space isomorphic to one of the
following three spaces: Rω , (c0)p or c0.
1. Introduction
Recall that a Banach space E is a Grothendieck space or has the Grothendieck property if
every weakly∗ convergent sequence in the dual E∗ of E converges weakly, i.e. every sequence
(ϕn)n∈ω of continuous functionals on E satisfying the condition that limn→∞ ϕn(x) = 0 for
every x ∈ E satisfies also the condition that limn→∞ ψ(ϕn) = 0 for every ψ in E∗∗, the
bidual space of E. Grothendieck [21] proved that spaces of the form ℓ∞(Γ) are Grothendieck
spaces. Later, many other Banach spaces were recognized to be Grothendieck, e.g. von
Neumann algebras (Pfitzner [38]), the space H∞ of bounded analytic functions on the unit
disc (Bourgain [11]), spaces of the form C(K) for K an F-space (Seever [41]), etc. On
the other hand, the space c0 of all sequences convergent to 0 is not Grothendieck, since a
separable Banach space is Grothendieck if and only if it is reflexive. It follows that closed
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linear subspaces of Grothendieck spaces need not be Grothendieck, although this property
is preserved by complemented subspaces. Cembranos [12] proved that a space C(K) is
Grothendieck if and only if it does not contain any complemented copy of the space c0.
The following results due to Cembranos [12] and Freniche [19] are the main motivation
for our paper.
Theorem 1.1 ([12], [19]). Let K and L be infinite compact spaces and let E be an infinite
dimensional Banach space.
(1) C(K,E) contains a complemented copy of (the Banach space) c0 and hence it is
not a Grothendieck space.
(2) The Banach space C(K × L) contains a complemented copy of c0.
The second statement of Theorem 1.1 follows from the first one combined with the fact
that C (K × L) is isomorphic to C (K,C (L)).
A strengthening of Theorem 1.1.(2) was obtained by Kąkol, Sobota and Zdomskyy [27]
for spaces of the form Cp(K × L) (note that it follows from the Closed Graph Theorem
that a complemented copy of (c0)p in Cp(K × L) is actually a complemented copy of c0
in C(K × L)). Here, by Cp(X) and Ck(X) we mean the space C(X) of continuous real-
valued functions over a Tychonoff space X endowed with the pointwise and compact-open
topology, respectively. C∗p (X) denotes the vector subspace of Cp(X) consisting of bounded
functions. It is well known that for every infinite compact space K the space C(K) contains
a copy of c0, while it is also easy to see that Cp(K) over an infinite compact K contains
a (closed) subspace isomorphic to (c0)p = {(xn)n∈ω ∈ Rω : xn → 0} endowed with the
product topology of Rω.
Theorem 1.2 ([27]). For every infinite compact spaces K and L the space Cp(K × L)
contains a complemented copy of the space (c0)p.
In [27] many other spaces Cp(X) were recognized to contain a complemented copy of
(c0)p, i.a. those Cp(X) where X is a compact space such that the Banach space C(X) is
not Grothendieck. In fact, for compact spaces K, the existence of a complemented copy of
(c0)p in the space Cp(K) appeared to be equivalent to the property that the Banach space
C(K) does not have the so-called ℓ1-Grothendieck property, a variant of the Grothendieck
property defined as follows: for a given compact space K we say that a Banach space C(K)
has the ℓ1-Grothendieck property if every weakly∗ convergent sequence of Radon measures
on K with countable supports (equivalently, with finite supports) is weakly convergent;
see [27] for details. Trivially, if C(K) is Grothendieck, then it has the ℓ1-Grothendieck
property; a counterexample for the reverse implication was first constructed by Plebanek
([39], see also [6]), in [27, Section 7] another example and a more detailed discussion on
this topic were provided.
The research in [27] was motivated, i.a., by the following theorem of Banakh, Kąkol and
Śliwa [5], especially by the equivalence (1)⇔(2). We refer the reader to the paper [27] for
a detailed discussion concerning properties of sequences of measures from (2).
Theorem 1.3 ([5]). For a Tychonoff space X the following conditions are equivalent:
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(1) Cp(X) satisfies the Josefson–Nissenzweig property (JNP in short), i.e. there is a
sequence (µn)n of finitely supported signed measures on X such that ‖µn‖ = 1 for
all n ∈ ω, and µn(f)→n 0 for each f ∈ Cp(X).
(2) Cp(X) contains a complemented subspace isomorphic to (c0)p;
(3) Cp(X) has a quotient isomorphic to (c0)p;
(4) Cp(X) admits a linear continuous map onto (c0)p.
Moreover, for pseudocompact X the above conditions are equivalent to:
(5) Cp(X) contains an infinite dimensional complemented metrizable subspace.
Consequently, if the space Cp(X) contains a complemented copy of (c0)p, the same holds
for Cp(X × Y ) for all non-empty Tychonoff spaces Y . The converse implication does not
hold (e.g. for X = βω).
The condition (1) in Theorem 1.3 is a variant of the celebrated Josefson–Nissenzweig
theorem for Cp(X) spaces. Recall here that the Josefson–Nissenzweig theorem asserts that
for each infinite-dimensional Banach space E there exists a sequence (x∗n)n in the dual
space E∗ convergent to 0 in the weak∗ topology of E∗ and such that ‖x∗n‖ = 1 for every
n ∈ ω, see e.g. [14] (a proof for the case E = C(K) was provided in [27], too).
The main results of the present paper generalize Theorems 1.1.(2) and 1.2 to pseudo-
compact spaces in the following way.
Theorem 1.4. Let X and Y be infinite Tychonoff spaces. Then:
(1) If the space X × Y is pseudocompact, then Cp(X × Y ) contains a complemented
copy of (c0)p.
(2) If the space X×Y is not pseudocompact, then Cp(X×Y ) contains a complemented
copy of Rω.
Consequently, if for infinite Tychonoff spaces X and Y the product X × Y is pseudo-
compact, then Cp(X × Y ) contains a complemented copy of (c0)p, so by the Closed Graph
Theorem the Banach space (C(X×Y ), ‖.‖∞) contains a complemented copy of the Banach
space c0. This provides a stronger version of Cembranos–Freniche theorem. However, if
the product X × Y is not pseudocompact, then consistently Cp(X × Y ) may fail to have
the complemented copy of (c0)p. As our next theorem shows, this may happen even for the
squares. We refer the reader to the paragraph before Theorem 5.8 for the exact formula-
tion of the set-theoretic assumption we use in the proof of the next theorem (and which is
called (†) by us). Let us only mention here that this assumption (†) is satisfied if either
the Continuum Hypothesis or Martin’s axiom holds true.
Theorem 1.5. It is consistent that there exists an infinite pseudocompact space X such
that the spaces Cp(X ×X) and C
∗
p(X ×X) do not contain a complemented copy of (c0)p.
The proofs of Theorems 1.4 and 1.5 are provided in Sections 2 and 5, respectively.
Unfortunately, we do not know whether the negation of the conclusion of Theorem 1.5
may consistently hold. We are also not aware of any model of ZFC where (†), our set-
theoretic assumption used to prove Theorem 1.5, fails.
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Problem 1.6. Is it consistent that for any infinite pseudocompact space X the space
Cp(X ×X) (respectively, C
∗
p (X ×X)) contains a complemented copy of (c0)p ?
Recall that every countably compact space is pseudocompact, thus the following question
seems natural in the context of Theorems 1.2 and 1.5.
Problem 1.7. Is it consistent that there exists an infinite countably compact space X such
that the space Cp(X×X) (respectively, C
∗
p (X×X)) does not contain a complemented copy
of (c0)p?
The methods applied to prove Theorem 1.5 cannot be used to answer Problem 1.7 in
affirmative since they produce spaces which are very far from being countably compact.
However, recall that there exist countably compact spaces whose squares are not pseudo-
compact, see e.g. [17, Example 3.10.9].
Theorem 1.4 has two important applications concerning the following remarkable prob-
lem in Cp-theory posed by Arkhangel’ski, see [1, 2], and the famous Rosenthal–Lacey
theorem.
Problem 1.8 (Arkhangel’ski). Is it true that for every infinite (compact) space K the
space Cp(K) is linearly homeomorphic to Cp(K)× R?
For a wide class of spaces the answer to Problem 1.8 is affirmative, e.g. if the space
X contains a non-trivial convergent sequence, or X is not pseudocompact (see [2, Section
4]), yet, in general, the answer is negative even for compact spaces X, see Marciszewski
[33]. It appears however that for finite products of Tychonoff spaces the answer is still
positive—the following corollary follows immediately from Theorem 1.4.
Corollary 1.9. Let X and Y be infinite Tychonoff spaces. Then Cp(X × Y ) is linearly
homeomorphic to the product Cp(X × Y )× R.
The famous Rosenthal–Lacey theorem [40], [32], see also [24, Corollary 1], asserts that
for each infinite compact space K the Banach space C(K) admits a quotient map onto
c0 or ℓ2; we refer the reader to a survey paper [18, Theorem 18] for a detailed discussion
on the theorem. The case of Cp-spaces remains however open, namely, it is still unknown
whether for every infinite compact space K the space Cp(K) admits a quotient map onto
an infinite-dimensional metrizable space, see [29]. Nevertheless, Theorem 1.4 yields the
following corollary.
Corollary 1.10. Let X and Y be infinite Tychonoff spaces. Then
(1) Cp(X × Y ) admits a quotient map onto R
ω or (c0)p.
(2) Ck(X × Y ) admits a quotient map onto a space isomorphic to one of the following
spaces: Rω, (c0)p or c0.
The proofs of Theorem 1.4 and its consequences, e.g. Corollary 1.10, are provided in
Section 2.
Notation and terminology. Our notation and terminology are standard, i.e., we follow
monographs of Tkachuk [42] (function spaces), Engelking [17] (general topology), Halmos
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[25] (measure theory) and Jech [23] (set theory). In particular, we assume that all topo-
logical spaces we consider are Tychonoff, that is, completely regular and Hausdorff.
The cardinality of a set X is denoted by |X|. By ω we denote the first infinite cardinal
number, i.e., the cardinality of the space of natural numbers N. Usually we identify ω with
N, so ω is an infinite countable discrete topological space, thus, e.g., such notions like the
Čech–Stone compactifiactions βω of ω have sense. We denote the remainder βω \ω of this
compactification by ω∗. The continuum, i.e. the cardinality of the real line R, is denoted
both by c and 2ω. If X is a set and κ is a (finite or infinite) cardinal number, then by [X ]κ
we denote the family of all subsets of X of cardinality κ; in particular, [X ]ω denotes the
family of all infinite countable subsets of X. We put [X ]<ω =
⋃
n∈ω[X ]
n, so [X ]<ω is the
family of all finite subsets of X. Finally, ωω denotes the family of all functions from ω into
ω.
All other necessary and possibly non-standard notions will be defined in relevant places
of the text.
2. Proof of Theorem 1.4 and its consequences
For a space X and a point x ∈ X let δx : Cp(X) → R, δx : f 7→ f(x), be the Dirac
measure concentrated at x. The linear hull Lp(X) of the set {δx : x ∈ X} in RCp(X) can
be identified with the dual space of Cp(X). Elements of the space Lp(X) will be called
finitely supported signed measures (or simply signed measures) on X.
Each µ ∈ Lp(X) can be uniquely written as a linear combination of Dirac measures
µ =
∑
x∈F
αxδx
for some finite set F ⊂ X and some non-zero real numbers αx. The set F is called the
support of the signed measure µ and is denoted by supp(µ). The measure
∑
x∈F |αx|δx will
be denoted by |µ| and the real number
‖µ‖ =
∑
x∈F
|αx|
coincides with the norm of µ (in the dual Banach space C(βX)∗).
A sequence (µn)n of finitely supported signed measures on X such that ‖µn‖ = 1 for all
n ∈ ω, and lim
n
µn(f) = 0 for each f ∈ Cp(X) is called a Josefson–Nissenzweig sequence or,
in short, a JN-sequence on X. A JN-sequence (µn)n is supported on a subset A of a space
X if the supports of all measures µn are contained in A.
We say that Cp(X) has the Josefson–Nissenzweig property or, in short, JNP if X admits
a JN-sequence.
The following proposition was proved in [27]. We provide a brief sketch of the proof for
the sake of completeness.
Proposition 2.1. The product βω × βω has a JN-sequence (µn)n supported on ω × ω.
Moreover, the supports of µn have pairwise disjoint projections onto each axis.
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Proof. For every n ∈ N put Ωn = {−1, 1}n and Σn = n × {n}. To simplify the notation,
we will usually write i ∈ Σn instead of (i, n) ∈ Σn.
Define Ω =
⋃
n∈ω Ωn and Σ =
⋃
n∈ω Σn, and endow these two sets with the discrete
topology. This enables us to look at the the product space Ω× Σ as a countable union of
pairwise disjoint discrete rectangles Ωk × Σm of size m2k—the rectangles Ωn × Σn, lying
along the diagonal, will bear a special meaning, namely, they will be the supports of
measures from a JN-sequence (µn)n on the space βΩ× βΣ defined as follows:
µn =
∑
s∈Ωn,i∈Σn
s(i)
n2n
δ(s,i), n ∈ ω.
It turns out that the sequence (µn)n defined above is a JN-sequence, see [27, Section
7] for details. Note that ω is homeomorphic to both Ω and Σ, so βω, βΩ and βΣ are
mutually homeomorphic. Consequently, βω × βω has the JN-sequence with the required
properties. 
In [27, Section 7] this result was used to prove that, for any infinite compact spaces K,L,
the space Cp(K × L) has the JNP. By a modification of this argument we can obtain the
following strengthening:
Theorem 2.2. For any infinite spaces X, Y , if the product X × Y is pseudocompact, then
it admits a JN-sequence (µn)n. Moreover, we can require that (µn)n is supported on the
product D × E, where D ⊂ X and E ⊂ Y are countable discrete, and the supports of µn
have pairwise disjoint projections onto each axis.
Proof. Let D and E be countable discrete subsets of X and Y , respectively. Let ϕ : ω → D
and ψ : ω → E be bijections. By the Stone Extension Property of βω, there are continuous
maps Φ : βω → βX and Ψ : βω → βY such that Φ ↾ ω = ϕ and Ψ ↾ ω = ψ.
We denote by Θ the product map
Φ×Ψ : βω × βω → βX × βY.
Clearly Θ maps ω × ω injectively into X × Y .
Let (µn)n∈ω be a JN-sequence of measures on (βω)2 supported on ω2, given by Proposition
2.1. For each n ∈ ω, we consider the image of µn under Θ, i.e., the measure νn on X × Y
defined as follows:
νn =
∑
z∈supp(µn)
µn
(
{z}
)
· δΘ(z),
it follows that ‖νn‖ = 1 and supp(νn) is finite. We will show that the sequence (νn)
converges to 0 on every f ∈ C(X × Y ) which will demonstrate that X × Y admits a
JN-sequence.
Recall that by Glicksberg’s theorem [17, 3.12.20(c)], pseudocompactness ofX×Y implies
that βX×βY is the Čech–Stone compactification of X×Y , i.e., every continuous function
on X × Y is continuously extendable over βX × βY .
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Fix f ∈ C(X × Y ) and let F be its continuous extension over βX × βY . Then the
composition F ◦ Θ is a continuous function on βω × βω and νn(f) = µn(F ◦ Θ) for each
n ∈ ω. Therefore limn νn(f) = 0.
The additional properties of the supports of the measures νn follow easily from the
definition of νn and the corresponding properties of supports of the measures µn. 
We are in the position to prove the main result of this paper, Theorem 1.4.
Proof of Theorem 1.4. If the space X×Y is pseudocompact, then by the above theorem
and Theorem 1.3 the space Cp(X × Y ) has a complemented copy of (c0)p.
On the other hand, it is well known that if a space X is not pseudocompact, then Cp(X)
has a complemented copy of Rω, cf. [2, Section 4] or [28, Theorem 14]. This completes the
proof of part (2) of Theorem 1.4. 
Observe that if a subspace Y of a space X has a JN-sequence, then this sequence is also a
JN-sequence on X. By Theorem 1.3, it follows that if Cp(Y ) contains a complemented copy
of (c0)p, then Cp(X) also contains such a copy. Therefore Theorem 1.4.(1) immediately
gives the following
Corollary 2.3. If a space Z contains a topological copy of a pseudocompact product S×T of
infinite spaces S and T , then Cp(Z) contains a complemented copy of (c0)p. In particular, if
spaces X and Y contain infinite compact subsets, then Cp(X×Y ) contains a complemented
copy of (c0)p.
Note that there exist infinite spaces X without infinite compact subsets such that the
square X ×X is pseudocompact, see Example 3.4.
Recall that a subset B of a locally convex space E is bounded if for every neighbourhood
of zero U in E there exists a scalar λ > 0 such that λB ⊂ U.
Note the following fact connected with the next Corollary 2.6.
Lemma 2.4. For a space X the following assertions are equivalent:
(1) The space Ck(X) is covered by a sequence of bounded sets.
(2) The space Cp(X) is covered by a sequence of bounded sets.
(3) X is pseudocompact.
Proof. (1) ⇒ (2) is clear, since the compact-open topology is stronger than the pointwise
one of C(X).
(2) ⇒ (3): Assume Cp(X) is covered by a sequence of bounded sets but X is not
psudocompact. Then Cp(X) contains a complemented copy of Rω. On the other hand, Rω
cannot be covered by a sequence (Sn)n of bounded sets. Indeed, we may assume that each
Sn is absolutely convex and closed and Sn ⊂ Sn+1 for all n ∈ ω. By the Baire theorem
some Sn is a neighbourhood of zero in Rω. Consequently Rω must be a normed space by
a theorem of Day, see [22, Proposition 6.9.4], a contradiction (since Rω is not normable).
(3) ⇒ (1): If X is pseudocompact and
S = {f ∈ C(X) : |f(x)| ≤ 1, x ∈ X},
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then the sequence of bounded sets (nS)n in the compact-open topology covers Ck(X). 
Remark 2.5. Since the image of a bounded subset of a topological vector space under a
continuous linear operator is bounded, from the above lemma we can easily deduce that if
T : Ck(X)→ Ck(Y ) (T : Cp(X) → Cp(Y )) is a linear continuous surjection and the space
X is pseudocompact, then Y is also pseudocompact. This fact for the pointwise topology
is well known, cf. [36, Proposition 6.8.6].
Since the pseudocompactness is not transferred even to finite products (see [17]), there
exist spaces X and Y such that both Ck(X) and Ck(Y ) are covered by a sequence of
bounded sets but Ck(X × Y ) lacks this property, by Lemma 2.4.
A sequence (Sn)n of bounded sets in a locally convex space E is fundamental if every
bounded set in E is contained in some set Sn. Every (DF ) (in particular, every normed)
space Ck(X) admits a fundamental sequence of bounded sets. By Warner [44] the space
Ck(X) admits a fundamental sequence of bounded sets if and only if the following condition
holds:
(∗) Given any sequence (Gn)n of pairwise disjoint non-empty open subsets of X there
is a compact set K ⊂ X such that {n ∈ ω : K ∩Gn 6= ∅} is infinite.
This characterization easily implies that if the space Ck(X) has a fundamental sequence
of bounded sets, and the space X is infinite, then X contains an infinite compact subspace.
Therefore, by Corollary 2.3 we obtain
Corollary 2.6. Let X and Y be two infinite spaces. If Ck(X) and Ck(Y ) admit fun-
damental sequences of bounded sets, then Cp(X × Y ) contains a complemented copy of
(c0)p.
Remark 2.7. Note that if X is a pseudocompact space without infinite compact subsets
(cf. Section 3), then by Warner’s characterization, Ck(X) does not have a fundamental
sequence of bounded sets, although it is covered by a sequence of bounded sets, by Lemma
2.4.
Theorem 1.4 applies also to get the following
Corollary 2.8. Let X be an infinite pseudocompact space such that C(βX) is a Grothendieck
space. Then for no infinite spaces Y and Z does exist a continuous linear surjection from
Cp(X) onto the space Cp(Y × Z).
Proof. Assume that for some infinite spaces Y and Z there exists a continuous linear
surjection T : Cp(X)→ Cp(Y ×Z). Then the space Y ×Z is pseudocompact, see Remark
2.5. By Theorem 1.4 Cp(Y × Z) contains a complemented copy of (c0)p. Hence Cp(X)
maps onto (c0)p by a continuous linear map, and then by Theorem 1.3 the space Cp(X) has
a complemented copy of (c0)p. This implies that C(βX) contains a complemented copy of
c0, a contradiction with the Grothendieck property of C(βX). 
For the proof of Corollary 1.10 will need some auxiliary facts.
The next proposition is known, the case of the pointwise topology can be found in
[42], the general result covering the cases of both topologies is stated in [34, Exercise 2,
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p. 36], but without a proof, hence, for the sake of completeness, we include the proof
for the compact-open topology. Recall that a subset Y of a topological space X is C-
embedded (C∗-embedded) in X if every (bounded) continuous real-valued function on Y
can be continuously extended over X. Given a compact subspace K of a space X and
ε > 0, we denote the set {f ∈ Ck(X) : f(K) ⊂ (−ε, ε)}, a basic neighborhood of zero in
Ck(X), by UX(K, ε).
Proposition 2.9. Let Y be a subspace of a topological space X, and R : Ck(X)→ Ck(Y )
(R : Cp(X) → Cp(Y )) be the restriction operator defined by R(f) = f ↾ Y . R is open if
and only if Y is closed and C-embedded in X.
Proof. As we mentioned, the proof for the case of the pointwise topology can be found in
[42, S.152], therefore we will only give the proof for the case of the compact-open topology.
Assume first that R is open. Then obviously it is a surjection, which means that Y is
C-embedded in X. Suppose, towards a contradiction, that Y is not closed in X and pick
a point x ∈ Y \ Y . We will show that the image R(UX({x}, 1)) is not open in Ck(Y ).
Consider arbitrary basic neighborhood of zero UY (K, ε) in Ck(Y ), given by a compact set
K ⊂ Y and ε > 0. The set L = {x} ∪K is compact in X, hence it is C-embedded in X,
see [20, 3.11].
Let f : L → R be the (continuous) function which takes value 1 at x and value 0 on
K, and let F be its continuous extension over X. Put g = F ↾ Y . Obviously, for any
h ∈ Ck(X) such that h ↾ Y = g ↾ Y , the functions h and F must agree on the closure of
Y , so h(x) = F (x) = 1. This shows that
g ∈ UY (K, ε) \R(UX({x}, 1)).
Now, assume that Y is closed and C-embedded in X. To prove that R is open its enough
to verify that, for any compact K ⊂ X and ε > 0, we have
R(UX(K, ε)) = UY (K ∩ Y, ε).
In the last equality, one inclusion is obvious. Take any
g ∈ UY (K ∩ Y, ε).
We will show that g is an image under R of some f ∈ UX(K, ε). Let G be a continuous
extension of g over X. Put
L = {x ∈ K : |G(x)| ≥ ε}.
Clearly, L is a compact subset of X disjoint with Y . Hence we can use the well known
fact (see [20, 3.11]), that a compact set can be separated from a closed set by a continuous
function, i.e., we can find a continuous h : X → [0, 1] which sends L to 0 and Y to 1. One
can easily verify that f = hG has the required properties. 
Recall that if X is a pseudocompact space and K is a compact space, then X × K is
pseudocompact (see [17, Corolllary 3.10.27]), so Cp(X×K) contains a complemented copy
of (c0)p, provided that both X and K are infinite. For the compact-open topology in this
function space we have the following special case of Corollary 1.10.
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Proposition 2.10. Assume that X is an infinite pseudocompact space and K is an infinite
compact space.
(1) If X contains an infinite compact subset, then Ck(X×K) contains a complemented
copy of the Banach space c0.
(2) If X has no infinite compact subsets, then Ck(X × K) contains a complemented
copy of (c0)p.
Proof. Part (1): By Domański’s and Drewnowski’s theorem [16], the space Ck(X,Ck(K))
contains a complemented copy of c0. On the other hand, by [34, Corollary 2.5.7] the spaces
Ck(X ×K) and Ck(X,Ck(K)) are linearly homeomorphic.
Part (2): Since the product X × K is pseudocompact, we can apply Theorem 2.2 to
obtain a JN-sequence (µn)n on X ×K such that (µn)n is supported on the product D×E,
where D ⊂ X and E ⊂ Y are countable discrete, and the supports of µn have pairwise
disjoint projections onto each axis. Since the sets D and E are discrete and countable,
we can find families {Ud : d ∈ D} and {Ve : e ∈ E} of pairwise disjoint sets, such that,
for each d ∈ D, Ud is an open neighborhood of d in X and for each e ∈ E, Ve is an open
neighborhood of e in Y . Let An = supp(µn) and A =
⋃
n∈ω An. Given a = (da, ea) ∈ A,
put Wa = Uda × Vea. Clearly, the family {Wa : a ∈ A} of neighborhoods of points of A
consists of pairwise disjoint sets. Moreover, if we define, for each n ∈ ω,
Wn =
⋃
{Wa : a ∈ An},
then the properties of supports An imply that the setsWn have pairwise disjoint projections
onto each axis. For each a ∈ A, take a continuous function
ga : X ×K → [0, 1]
such that ga(a) = 1 and g takes value 0 on (X ×K) \Wa. For every n ∈ ω define
fn : X ×K → [−1, 1]
by
fn =
∑
a∈An
µn(a)
|µn(a)|
ga .
The functions fn and the sets Wn have the following properties for all n ∈ ω:
(a) µn(fn) = 1;
(b) the support of fn is contained in Wn;
(c) the support of µn is contained in Wn;
(d) the projections of the sets Wk, k ∈ ω, onto X are pairwise disjoint.
Consider the linear operator
S : (c0)p → Ck(X ×K)
defined by
S((tn)) =
∑
n∈ω
tnfn
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for (tn) ∈ (c0)p. By properties (b) and (d), the supports of fn are pairwise disjoint,
therefore S is well defined. Given a compact subset L of X ×K, the projection of L onto
X is finite, hence, by properties (b) and (d), L intersects only finitely many supports of
fn, say only for n in some finite set F . Therefore, for any ε > 0, if |tn| < ε, for n ∈ F , then
S((tn)) ∈ UX×K(L, ε), which means that the operator S is continuous. Put Z = S((c0)p).
We will show that Z is an isomorphic copy of (c0)p which is complemented in Ck(X ×K).
Let T : Ck(X × K) → (c0)p be defined by T (f)(n) = µn(f) for f ∈ Ck(X × K) and
n ∈ ω. Obviously, the operator T is continuous. Using properties (a)–(d) one can easily
verify that
(T ↾ Z) ◦ S = Id(c0)p
and S ◦ (T ↾ Z) = IdZ , hence the spaces Z and (c0)p are isomorphic. Let
P = S ◦ T : Ck(X ×K)→ Ck(X ×K).
The identities Z = S((c0)p) and S ◦ (T ↾ Z) = IdZ imply that P is a continuous projection
of Ck(X ×K) onto Z. 
We are ready to provide a proof of Corollary 1.10.
Proof of Corollary 1.10. Part (1) is a direct consequence of Theorem 1.4.
For the proof of part (2) we shall consider several cases:
Case 1. If both spaces X and Y contain infinite compact subsets, say K and L, re-
spectively, then K × L is C-embedded in X × Y (see [20, 3.11]), and the restriction map
Ck(X × Y )→ Ck(K ×L) is a continuous and open surjection by Proposition 2.9. Now we
can use Theorem 1.1 (2).
Case 2. If neither X nor Y admits an infinite compact subset, then for Cp(X × Y ) =
Ck(X × Y ) applies part (1).
Case 3. If one of the spaces X or Y is not pseudocompact, the product X ×Y is also not
pseudocompact, and the space Ck(X × Y ) contains a complemented copy of Rω, see [28,
Theorem 14].
Case 4. The only remaining case to be checked is that when both X and Y are pseudo-
compact, and one of these spaces contains an infinite compact subset but the other one
lacks infinite compact subsets. Without loss of generality we can assume that Y contains
an infinite compact subset K. We will verify that X×K is C-embedded in X×Y . Let f be
a continuous function on X×K. Since X×K is pseudocompact, by Glicksberg’s theorem
[17, 3.12.20(c)], f can be extended to a continuous function g on βX×K. By compactness
of βX ×K, we can extend g continuously over βX × Y obtaining a function h. Now, the
restriction of h to X × K is the desired extension of f . Proposition 2.9 implies that the
restriction operator R : Ck(X × Y ) → Ck(X × K) is open, hence also surjective. From
Proposition 2.10 we obtain a projection P of Ck(X ×K) onto a subspace Z isomorphic to
(c0)p. Since P is open (as a map onto Z), the composition P ◦ R is an open continuous
surjection of Ck(X × Y ) onto a copy of (c0)p. 
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3. Haydon’s construction of a pseudocompact space with no infinite
compact subsets
Theorem 1.4 may suggest a question whether Cp(X×X) contains a complemented copy
of (c0)p for any infinite pseudocompact space X. In Section 5, assuming the Continuum
Hypothesis (or even a weaker set-theoretic assumption), we will answer this question neg-
atively. Our examples use the following general scheme of constructing pseudocompact
spaces with no infinite compact subsets given by Haydon in [26].
For each A ∈ [ω]ω, choose an ultrafilter uA ∈ ω∗ in the closure of A in βω. Let
X = ω ∪ {uA : A ∈ [ω]
ω}
be topologized as a subspace of βω. To simplify the notation we will denote the family of
all such spaces X by HS.
We start with the following fact collecting some properties of every space X ∈ HS.
Proposition 3.1. Every space X ∈ HS has the following properties:
(1) X is pseudocompact of cardinality continuum;
(2) all compact subspaces of X are finite;
(3) Cp(X) does not have the JNP;
(4) Cp(X) admits an infinite dimensional metrizable quotient isomorphic to the sub-
space (ℓ∞)p = {(xn) ∈ R
ω : supn |xn| <∞} of R
ω endowed with the product topology
and the Banach space (C(X), ‖.‖∞) (i.e. endowed with the sup-norm topology) is
isometric to the Banach space ℓ∞;
(5) for every infinite compact space K both spaces Cp(K ×X) and Ck(K ×X) contain
a complemented copy of (c0)p.
Proof. Obviously |X| ≤ 2ω. To see that X must contain continuum many ultrafilters,
it is enough to take an almost family A ⊂ [ω]ω (i.e., distinct members of A have finite
intersection) of cardinality continuum. Then the closures of elements of A in βω have
pairwise disjoint intersections with ω∗. This proves the second item of (1).
The first item of (1) has been shown by Haydon in the third example of [26]. Indeed,
if Cp(X) is not pseudocompact, then there exists f ∈ C(X) unbounded. As ω is dense in
X one gets a sequence (nk) in ω such that |f(nk)| > k. For the set A = {nk : k ∈ ω} the
corresponding uA in βω belongs to the closure in βω of {nk : k > m} for each m ∈ ω.
Hence |f(uA)| > m for each m ∈ ω, a contradiction.
Proof of (2): Since infinite compact subsets of βω have cardinality 2c, every compact
subset of X is finite by (1).
Proof of (3): Note that βX = βω and the Banach space (C(X), ‖.‖∞) is isometric to
ℓ∞ = C(βω). On the other hand, as C(βω) is a Grothendieck space, C(X) does not have
a complemented copy of the Banach space c0. Consequently, by applying the closed graph
theorem [37, Theorem 4.1.10], the space Cp(X) does not contain a complemented copy of
(c0)p. Now by Theorem 1.3 we know that Cp(X) does not have JNP.
Proof of (4): Since the space X is pseudocompact and contains discrete ω which is
C∗-embedded into X, we apply Theorem 1 from [4] to deduce that Cp(X) has a quotient
COMPLEMENTED COPIES OF c0 IN SPACES Cp(X × Y ) 13
Cp(X)/W isomorphic to the subspace (ℓ∞)p of Rω endowed with the product topology,
where
W =
⋂
n
{f ∈ Cp(X) :
∑
x∈Fn
f(x) = 0}
and (Fn)n is any sequence of non-empty, finite and pairwise disjoint subsets of ω with
limn |Fn| =∞. The second part of the item (4) is clear since C(βω) and (C(X), ‖.‖∞) are
isometric.
Proof of (5): Since K×X is pseudocompact, the first claim of (5) follows from Theorem
1.4. The other claim follows from Proposition 2.10. 
The following proposition characterizes those subspaces X of βω containing ω which are
in the class HS.
Proposition 3.2. For a subspace X of βω containing ω, the following conditions are
equivalent:
(1) X ∈ HS;
(2) X is pseudocompact and of cardinality continuum;
(3) X is of cardinality continuum, and every infinite subset of ω has an accumulation
point in X.
Proof. The implication (1)⇒(2) was explained in the previous proposition.
The implication (2)⇒(3) is obvious, a pseudocompact X cannot contain an infinite
clopen discrete subset.
To verify (3)⇒(1), first observe that each ultrafilter in X ∩ ω∗ is in the closure of
continuum many sets A ∈ [ω]ω. Also, given A ∈ [ω]ω, the closure of A in X has cardinality
continuum, which is witnessed by an almost disjoint family A of subsets of A of cardinality
|A| = 2ω. Therefore, by a standard back-and-forth inductive argument, we can construct
a bijection f between [ω]ω and X ∩ ω∗ such that uA = f(A) is in the closure of A. To this
end, enumerate [ω]ω as {Aα : α < 2ω}, and X ∩ ω∗ as {uα : α < 2ω}. Inductively, for each
α < 2ω, define f on {Aβ : β < α} and f−1 on {uβ : β < α}. 
In [33] Marciszewski constructed an example of a space X ∈ HS such that there is no
continuous linear surjection from the space Cp(X) onto Cp(X)×R. In particular, Cp(X) is
not linearly homeomorphic to Cp(X)×R, hence Cp(X) does not contain any complemented
copy of c0 or Rω. To achieve this it is enough to require that all ultrafilters uA in X are
weak P-points and they are pairwise non-isomorphic.
Recall that a point p ∈ ω∗ is a weak P -point if p is not in the closure of any countable
set D ⊂ ω∗ \ {p}, see [35]. Two ultrafilters u, v ∈ βω are called isomorphic if h(u) = v
for some homeomorphism h of βω; equivalently, there is a bijection f : ω → ω such that
u = {f−1(A) : A ∈ v}.
The Rudin–Keisler preorder on βω is the binary relation ≤RK on βω given by v ≤RK u
if there is f : ω → ω such that u ⊃ {f−1(A) : A ∈ v}, i.e., v = f(u), where f(u) = {A ⊂
ω : f−1(A) ∈ u}. This preorder becomes an order if we identify isomorphic ultrafilters,
see [13, Corollary 9.3]. We say that ultrafilters u, v ∈ ω∗ are incompatible with respect to
the Rudin–Keisler preorder if there is no w ∈ ω∗ such that w ≤RK u and w ≤RK v. An
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RK-antichain in ω∗ is a subset of ω∗ consisting of pairwise incompatible ultrafilters with
respect to the Rudin–Keisler preorder. The Continuum Hypothesis or even a weaker set-
thoretic assumptions, like Martin’s Axiom, imply that there exists an RK-antichain of size
continuum, consisting of weak P-points in ω∗, cf. [13, Theorem 9.13, Lemma 9.14] or [7,
Theorem 2]. Blass and Shelah [9] proved the consistency, relative to ZFC, of the statement
that any two ultrafilters in ω∗ are compatible with respect to the Rudin–Keisler preorder.
Proposition 3.3. Let X = ω ∪ {uA : A ∈ [ω]
ω} be a space in HS such that for distinct
A,B ∈ [ω]ω the ultrafilters uA, uB are not isomorphic. Then the square X × X is not
pseudocompact.
Proof. Take two disjoint infinite sets A,B ⊂ ω and any bijection f : A→ B. Observe that
the graph Γ = {(x, f(x)) : x ∈ A} of f is an open discrete subspace of X × X. We will
show that Γ is closed in X ×X.
Suppose, towards a contradiction that, there exists (u1, u2) ∈ ClX×X(Γ) \ Γ. For any
n ∈ ω, the intersections Γ ∩ ({n} × X) and Γ ∩ (X × {n}) contain at most one point.
Therefore, they are closed in {n} ×X and X × {n}, respectively. Since the latter sets are
open in X ×X, it follows that u1, u2 ∈ ω∗. Since Γ ⊂ A×B, we have
(u1, u2) ∈ ClX×X(A× B) = ClX(A)× ClX(B).
The disjoint sets A and B have disjoint closures in X, so u1 6= u2.
Let g : ω → ω be any bijection extending f . We claim that the ultrafilter {g−1(C) : C ∈
u2} is equal to u1. Suppose that these two ultrafilters are not equal. Then we can find
D ⊂ ω such that D ∈ u1 and
(ω \ D) ∈ {g−1(C) : C ∈ u2},
i.e., E = g(ω \ D) ∈ u2. Observe that the product D × E is disjoint with the graph of g,
hence is also disjoint with Γ. Therefore the product ClX(D)× ClX(E) is a neighborhood
of (u1, u2) disjoint with Γ (because Γ ⊂ ω × ω and
(ClX(D)× ClX(E)) ∩ ω × ω = D ×E,
and the latter is disjoint with Γ), a contradiction. We obtained that the ultrafilters u1 and
u2 are isomorphic, contradicting our assumption on X.
Finally, we verified that the infinite discrete subspace Γ is clopen in X ×X, hence the
space X ×X is not pseudocompact. 
On the other hand, we have the following example.
Example 3.4. There exists a space Y ∈ HS such that the square Y ×Y is pseudocompact.
Consequently, Cp(Y × Y ) contains a complemented copy of (c0)p.
Proof. For any space X ∈ HS, the square ω × ω is dense in X ×X, therefore it is enough
to construct a space Y ∈ HS such that any infinite subset of ω × ω has an accumulation
point in Y × Y , see the proof of Proposition 3.1.(1).
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Let {Aα : α < 2ω} be an enumeration of [ω]ω, and {Cα : α < 2ω} be an enumeration of
[ω × ω]ω. For each α < 2ω, choose an ultrafilter uα from ω∗ in the closure of Aα, and an
accumulation point (pα, qα) of Cα in βω × βω. Let
Y = ω ∪ {uα, pα, qα : α < 2
ω}.
One can easily verify that Y satisfies condition (c) from Proposition 3.2, so it is in HS, and
any infinite subset of ω × ω has an accumulation point in Y × Y . The last claim follows
from Theorem 1.4. 
4. The Bounded Josefson–Nissenzweig Property
In this section we define a “bounded” version of the Josefson–Nissenzweig property. A
sequence (µn) of finitely supported signed measures on X such that ‖µn‖ = 1 for all n ∈ N,
and lim
n
µn(f) = 0 for each bounded f ∈ Cp(X) is called a bounded Josefson–Nissenzweig
sequences or, in short, a BJN-sequence. We say that Cp(X) has the Bounded Josefson–
Nissenzweig Property or, in short, the BJNP, if X admits a BJN-sequence.
Obviously, for pseudocompact spaces X, these bounded versions coincide with the stan-
dard ones. It is also trivial that the JNP implies the BJNP and each JN-sequence is a
BJN-sequence.
One can easily construct examples of BJN-sequences, which are not JN-sequences. Ac-
tually, if X is not pseudocompact and Cp(X) has the JNP, then X has a BJN-sequence
which is not a JN-sequence. Indeed, if X is such a space, take a JN-sequence (µn)n on
X and a continuous unbounded function f on X. For each n, pick xn ∈ X such that
|f(xn)| > n. Define νn = µn + (1/n)δxn. One can easily verify that the sequence (νn)n
(after normalizing) is a BJN-sequence but not a JN-sequence.
In Example 4.2 we construct a space with the BJNP but without the JNP. For a verifica-
tion of the properties of the example we will need an auxiliary fact concerning JN-sequences.
Recall that a subset A of a topological space X is bounded if for every f ∈ Cp(X) the set
f(A) is bounded in R.
Proposition 4.1. Let (µn)n∈ω be a JN-sequence of measures on a space X. Then the union⋃
n∈ω supp(µn) of supports of µn is bounded in X.
Proof. We sketch the proof of the proposition using operators between linear spaces. In
[27, Section 4] we provide a more direct and elementary proof.
Let S = {0} ∪ {1/n : n = 1, 2, . . . } be equipped with the Euclidean topology. We
can define a continuous linear operator T : Cp(X) → Cp(S) in the following way: for
f ∈ Cp(X), put T (f)(0) = 0 and
T (f)(1/(n+ 1)) = µn(f)
for n ∈ ω. From the definition of a JN-sequence immediately follows that the operator T is
well-defined. Observe that, for any n ≥ 1, the support suppT (1/n) of 1/n in X with respect
to T (see [36, Chapter 6.8]) is equal to supp(µn). Obviously the set A = {1/n : n ≥ 1} is
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bounded in S, S being compact. By Theorem 6.8.3 in [36], the support
suppT (A) =
⋃
n≥1
suppT (1/n) =
⋃
n∈ω
supp(µn)
is bounded in X. 
Example 4.2. There exists a countable space X such that Cp(X) has the BJNP, but does
not have the JNP.
Proof. Recall the well known method of obtaining a countable space NF associated with a
filter F on a countable set T (we consider only free filters on T , i.e., filters containing all
cofinite subsets of T ).
NF is the space T ∪ {∞}, where ∞ 6∈ T , equipped with the following topology: All
points of T are isolated and the family {A ∪ {∞} : A ∈ F} is a neighborhood base at ∞.
Let F be the filter on ω consisting of sets of density 1, i.e.,
F =
{
A ⊂ ω : lim
n
|A ∩ {1, 2, . . . , n}|
n
= 1
}
.
We will show that the space X = NF has the required properties (this space in the context
of function spaces was investigated in [15]).
Let Sn = {2n + 1, 2n + 2, . . . , 2n+1}, n ∈ ω, and
λn =
∑{ 1
2n+1
δk : k ∈ Sn
}
−
1
2
δ∞ .
Let us check that (λn)n∈ω is a BJN-sequence. Take a bounded continuous function f on
NF ; for simplicity, we can assume that |f | ≤ 1. Fix an ε > 0, and find a set A ∈ F such
that the image under f of the neighborhood A ∪ {∞} of ∞ has the diameter less than ε.
Choose k ∈ ω such that,
|A ∩ {1, 2, . . . , m}|
m
> 1− ε, for m > k .
Observe that, for n > k, we have 2n+1 > k, |Sn| = 2n and Sn ⊂ {1, 2, . . . , 2n+1}, hence the
above inequality applied for m = 2n+1, gives us the estimate |Sn \ A| < 2n+1ε. Hence, for
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n > k, we have
|λn(f)| =
∣∣∑{ 1
2n+1
f(k) : k ∈ Sn
}
−
1
2
f(∞)
∣∣ ≤
≤
∑{ 1
2n+1
|f(k)− f(∞)| : k ∈ Sn
}
=
=
∑{ 1
2n+1
|f(k)− f(∞)| : k ∈ Sn ∩ A
}
+
+
∑{ 1
2n+1
|f(k)− f(∞)| : k ∈ Sn \ A
}
<
< |Sn ∩ A| ·
ε
2n+1
+ |Sn \ A| ·
2
2n+1
< 2n ·
ε
2n+1
+ 2n+1ε ·
2
2n+1
=
5
2
ε ,
which shows that the sequence (λn(f)) converges to 0.
It is clear that for any JN-sequence (µn) in a space X, the union S of supports of µn is
infinite, and by Proposition 4.1 S is also bounded. Since all bounded subsets of NF are
finite (cf. [15, Example 7.1]), Cp(NF ) does not have the JNP. 
Recall that C∗p(X) is the subspace of Cp(X) consisting of bounded functions.
Theorem 4.3. For a space X the following conditions are equivalent:
(1) Cp(X) has the BJNP;
(2) C∗p(X) has a complemented copy of (c0)p;
(3) C∗p(X) has a quotient isomorphic to (c0)p;
(4) C∗p(X) admits a continuous linear surjection onto (c0)p.
Proof. The implication (1)⇒(2) follows from Lemma 1 in [5] and its proof. It is enough
to apply this lemma for K = βX, and observe that the subspace L of Cp(X) given by
this lemma contains C∗p(X) and the range of the projection P from L onto the subspace
isomorphic to (c0)p is contained in C∗p(X).
Implications (2)⇒(3)⇒(4) are obvious.
(4)⇒(1). Let T : C∗p(X) → (c0)p be a continuous linear surjection. For each n ∈ ω, let
pn : (c0)p → R be the projection onto nth axis, and λn be the finitely supported signed
measure on X corresponding to the functional pn ◦ T . Let C∗(X) be the Banach space of
all bounded continuous functions on X, equipped with the standard supremum norm. By
the Closed Graph Theorem, T can be treated as continuous linear surjection between the
Banach spaces C∗(X) and c0, which gives the estimate ‖λn‖ ≤ ‖T‖ for all n. By the Open
Mapping Theorem we can also get a constant c > 0 such that ‖λn‖ ≥ c for all n. Now it
is clear that (λn/‖λn‖)n∈ω is a BJN-sequence on X. 
Corollary 4.4. If Cp(X) has the BJNP, then C(βX) contains a complemented copy of the
Banach space c0.
Corollary 4.5. If C∗p(X) does not have any complemented copy of (c0)p, then Cp(X) does
not have it either.
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Proof. If Cp(X) does have a complemented copy of (c0)p, then Cp(X) has the JNP and so
C∗p(X) has the BJNP, which implies that C
∗
p (X) has a complemented copy of (c0)p. 
Example 4.2 combined with Theorems 1.3 and 4.3 gives us the following
Corollary 4.6. There exists a countable space X such that C∗p(X) has a complemented
copy of (c0)p, but Cp(X) does not have such a copy. Consequently, the Banach space C(βX)
contains a complemented copy of the Banach space c0.
5. A pseudocompact space X such that its square X ×X does not have a
BJN-sequence
First we will prove several auxiliary results. The proof of the following standard fact is
similar to that of [33, Lemma 3.1].
Lemma 5.1. Let {Sn : n ∈ ω} be a family of pairwise disjoint subsets of ω. Then, for
every subset C of βω of the cardinality less than 2ω, there exists an infinite subset A ⊂ ω
such that
C ∩
(
Clβω
⋃
n∈A
Sn
)
⊂
⋃
n∈A
Clβω Sn.
Proof. Let A ⊂ [ω]ω be an almost disjoint family of size |A| = c. It is clear that(
Clβω
⋃
n∈A
Sn
)
∩
(
Clβω
⋃
n∈A′
Sn
)
=
⋃
n∈A∩A′
Clβω Sn
for any distinct A,A′ ∈ A. Thus the family{(
Clβω
⋃
n∈A
Sn
)
\
⋃
n∈A
Clβω Sn : A ∈ A
}
is disjoint, and hence one of its elements is disjoint from C as the latter has size < c = |A|.
This completes our proof. 
Lemma 5.2. Let X, Y be spaces in HS, and (A1n)n∈ω, (A
2
n)n∈ω be two sequences of non-
empty subsets of ω such that, for each k, n ∈ ω, k 6= n, i=1,2, Aik ∩A
i
n = ∅. Put
U =
⋃
n∈ω
ClX×Y (A
1
n × A
2
n)
and let f1, f2 : ω → ω be functions such that, for i = 1, 2, fi(A
i
n) = {2n}, fi takes odd
values on ω \
⋃
n∈ω A
i
n, and is injective on this complement.
If (u1, u2) ∈ ClX×Y (U) \ U , then u1, u2 ∈ ω
∗ and f1(u1) = f2(u2) ∈ ω
∗, hence the
ultrafilters u1 and u2 are compatible with respect to the Rudin–Keisler preorder. Moreover,
u1 ∈ ClX
( ⋃
n∈ω
A1n
)
\
⋃
n∈ω
ClX(A
1
n)
and
u2 ∈ ClY
( ⋃
n∈ω
A2n
)
\
⋃
n∈ω
ClY (A
2
n).
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Proof. Let (u1, u2) ∈ ClX×Y (U) \ U . For any n ∈ ω, the intersections U ∩ ({n} × Y )
and U ∩ (X × {n}) are either empty or, for some k ∈ ω, are equal to {n} × ClY (A2k) or
ClX(A
1
k)×{n}, respectively. Therefore they are closed in {n}×Y andX×{n}, respectively.
Since the sets {n} × Y and X × {n} are open in X × Y , it follows that u1, u2 ∈ ω∗.
Let V =
⋃
n∈ω A
1
n×A
2
n. Obviously, V is dense in U , hence (u1, u2) belongs to ClX×Y (V )\
U . Set pi = fi(ui), i = 1, 2. If p1 6= p2, then we can find C ⊂ ω such that C ∈ p1 and
(ω \ C) ∈ p2. We claim that the neighborhood
O = ClX(f
−1
1 (C))× ClY (f
−1
2 (ω \ C))
of (u1, u2) is disjoint with V . Indeed, suppose that there are n ∈ ω and
(m1, m2) ∈ (A
1
n × A
2
n) ∩
(
ClX(f
−1
1 (C))× ClY (f
−1
2 (ω \ C))
)
,
i.e., m1 ∈ ClX(f−11 (C)) and m2 ∈ ClY (f
−1
2 (ω \C)). Since ω is a discrete subspace of X and
Y , we conclude that m1 ∈ f−11 (C) and m2 ∈ f
−1
2 (ω \ C), which means 2n = f1(m1) ∈ C
and 2n = f2(m2) ∈ ω \ C, a contradiction. Therefore O ∩ V = ∅, which together with
(u1, u2) ∈ O and (u1, u2) ∈ ClX×Y (V ) again leads to a contradiction.
Hence p1 = p2 = p, and it remains to observe that p ∈ ω∗. Indeed, if {n} ∈ p, then we
have two cases:
If n is odd, then |f−1i (n)| ≤ 1, so f
−1
i (n) cannot belong to ui ∈ ω
∗, i = 1, 2.
If n = 2k, then Aik ∈ ui, i = 1, 2, hence
(u1, u2) ∈ ClX×Y (A
1
k ×A
2
k) ⊂ U,
which again gives a contradiction.
Finally, it is clear that u1 ∈ ClX(
⋃
n∈ω A
1
n). If u1 ∈ ClX(A
1
n) for some n, we would get
that {2n} = f1(A1n) ∈ f1(u1) = p, thus contradicting p ∈ ω
∗. Analogously for u2.

Lemma 5.3. Let (µn)n∈ω be a BJN-sequence on a space X. If Y is a clopen subset of X
such that the sequence (|µn|(Y ))n∈ω does not converge to 0, then there exist an increasing
sequence (nk) and a BJN-sequence (νk)k∈ω in X such that supp νk ⊂ Y ∩ supp µnk for every
k ∈ ω, in particular (νk)k∈ω is a BJN-sequence on Y .
Proof. Pick an a > 0 and an increasing sequence (nk) such that |µnk |(Y )) > a for all k ∈ ω.
Let
νk = (µnk ↾ Y )/|µnk |(Y ).
Since any continuous bounded function on Y can be extended to a continuous bounded
function on X by declaring value 0 outside Y , it easily follows that (νk)k∈ω is a BJN-
sequence on X and in Y . 
Lemma 5.4. Let X and Y be spaces in HS such that all ultrafilters in X \ ω and Y \ ω
are weak P-points. If Cp(X × Y ) has the BJNP (JNP), then there exist a BJN-sequence (a
JN-sequence) (µn)n∈ω in X × Y , and sequences (A
1
n)n∈ω, (A
2
n)n∈ω of finite subsets of X, Y ,
respectively, such that
(1) Aik ∩ A
i
n = ∅ for k, n ∈ ω, k 6= n, i = 1, 2;
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(2) A1k ∩ A
2
n = ∅ for k, n ∈ ω, k 6= n;
(3) suppµn ⊂ A
1
n × A
2
n for each n ∈ ω;
(4)
⋃
n∈ω A
1
n ∪
⋃
n∈ω A
2
n is a discrete subspace of βω.
Proof. First we will consider the BJNP case. Let (νk)k∈ω be a BJN-sequence on X × Y .
Given n ∈ ω, the subspaces {n} × Y and X × {n} are homeomorphic to X and Y ,
respectively, Cp({n} × Y ) and Cp(X × {n}) do not have the BJNP by Proposition 3.1.
Since these subspaces are clopen, Lemma 5.3 implies that
lim
k
|νk|({n} × Y ) = 0, lim
k
|νk|(X × {n}) = 0.
Let πX : X×Y → X and πY : X ×Y → Y be projections. For a subset B of ω, we denote
π−1X (B) ∪ π
−1
Y (B) by C(B). Clearly, for any finite B ⊂ ω, we have lim
k
|νk|(C(B)) = 0.
By induction we choose an increasing sequence (ki)i∈ω and a sequence (Bi)i∈ω of pairwise
disjoint finite subsets of ω such that
(i) (ω × ω) ∩ supp νki ⊂ C(
⋃i−1
j=0Bj) ∪ (Bi × Bi);
(ii) |νki|(C(
⋃i−1
j=0Bj)) < 1/(i+ 1).
For i ∈ ω, let
Zi = (X × Y ) \ C
( i−1⋃
j=0
Bj
)
.
Define
λi = (νki ↾ Zi)/‖νki ↾ Zi‖.
Using condition (ii) above, one can easily verify that lim
i
‖λi − νki‖ = 0, hence (λi)i∈ω is a
BJN-sequence on X × Y . The first condition implies that
(ω × ω) ∩ supp λi ⊂ Bi × Bi.
Let
C =
(
πX
(⋃
i∈ω
supp λi
)
∪ πY
(⋃
i∈ω
supp λi
))
\ ω ⊂ ω∗.
By Lemma 5.1 we can find an infinite subset T ⊂ ω such that
C ∩
(
Clβω
⋃
i∈T
Bi
)
= ∅.
Then the subsequence (λi)i∈T has the property that the set
D := πX
(⋃
i∈T
supp λi
)
∪ πY
(⋃
i∈T
supp λi
)
is a discrete subspace of βω. Indeed, the set D′ = D ∩ ω∗ is a discrete subspace of βω
because it is countable and consists of weak P -points. In addition, Clβω(D ∩ ω) is disjoint
with D′ by our choice of T because D ∩ ω ⊂
⋃
i∈T Bi. Thus D is a union of two discrete
subsets of βω so that the closure of any of them does not intersect another one, and hence
it is also discrete.
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Set DX = πX(
⋃
i∈T suppλi) and DY = πY (
⋃
i∈T suppλi), so that D = DX ∪DY . Fix a
point p ∈ DX , and find a clopen set V in X such that V ∩DX = {p}. Let U = V × Y . U
is clopen in X × Y and
U ∩
⋃
i∈T
supp λi ⊂ {p} × Y.
Observe that each continuous function on {p}×Y can be extended to a bounded continuous
function on U , therefore, by Lemma 5.3, we conclude that
lim
i∈T
|λi|({p} × Y ) = 0.
In the same way we can show that, for any q ∈ DY , we have lim
i∈T
|λi|(X × {q}) = 0.
Now, we can repeat our inductive construction from the first part of the proof. We
choose an increasing sequence (in)n∈ω, in ∈ T , and sequences (A1n)n∈ω, (A
2
n)n∈ω of finite
subsets of DX , DY , respectively, such that the following conditions are satisfied (where
En =
⋃
l=1,2
⋃n−1
j=0 A
l
j):
(a) (A1n ∪A
2
n) ∩ En = ∅;
(b) suppλin ⊂
(
π−1X (X ∩ En) ∪ π
−1
Y (Y ∩ En)
)
∪ (A1n ×A
2
n);
(c) |λin|
(
π−1X (X ∩ En) ∪ π
−1
Y (Y ∩ En)
)
< 1/(n+ 1).
For n ∈ ω, let
Sn = (X × Y ) \
(
π−1X (X ∩ En) ∪ π
−1
Y (Y ∩ En)
)
.
Define µn = (λin ↾ Sn)/‖λin ↾ Sn‖ . Conditions (1) and (2) follow from (a). Condition
(c) implies that
lim
n
‖λin − µn‖ = 0,
hence (µn)n∈ω is a BJN-sequence on X × Y . From condition (b) we deduce that
supp µn ⊂ A
1
n × A
2
n.
Condition (4) follows from inclusions A1n ⊂ DX , A
2
n ⊂ DY .
Observe, that the union of supports of measures µn that we constructed above is con-
tained in the union of supports of measures νk from our initial BJN-sequence. If we start
with a JN-sequence (νk)k∈ω, then, by Proposition 4.1,
⋃
k∈ω supp(νk) is bounded in X×Y ,
therefore, if we repeat the above argument, the resulting BJN-sequence (µn)n∈ω will be also
a JN-sequence. 
Before we prove Theorem 5.8, which is the main result of this section, we will show its
weaker version, since it has an essentially simpler proof and a less technical set-theoretic
assumption.
Theorem 5.5. Assume that there exist two incompatible with respect to the Rudin–Keisler
preorder weak P-points u, v in ω∗. Then there exist infinite pseudocompact spaces X, Y in
HS such that Cp(X × Y ) does not have the BJNP, and hence it does not have the JNP.
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Proof. It is an easy and well known observation that, given an ultrafilter w ∈ ω∗ and a set
A ∈ [ω]ω, there is an ultrafilter w′ in the closure of A in βω, which is isomorphic to w.
Therefore, we may take spaces
X = ω ∪ {uA : A ∈ [ω]
ω}, Y = ω ∪ {vA : A ∈ [ω]
ω}
in HS such that all ultrafilters uA are isomorphic to u, and all ultrafilters vA are isomorphic
to v. We will show that the product X × Y does not have a BJN-sequence.
Suppose the contrary, and let
(µn)n∈ω, (A
1
n)n∈ω, (A
2
n)n∈ω
be sequences of measures and sets given by Lemma 5.4. Let
Ai =
⋃
n∈ω
Ain, i = 1, 2.
Recall that basic clopen sets in X and Y are closures of subsets of ω. For i = 1, 2, since Ai
is discrete, using a simple induction, we can find a family {U ip : p ∈ A
i} of pairwise disjoint
subsets of ω, such that the closure of U ip is a neighborhood of p. For i = 1, 2 and n ∈ ω, let
V in =
⋃
{U ip : p ∈ A
i
n}.
For fixed i, the family {V in : n ∈ ω} is disjoint, and we have
supp µn ⊂ ClX×Y (V
1
n × V
2
n ).
From our construction of spaces X and Y and Lemma 5.2 we infer that the set
U =
⋃
n∈ω
ClX×Y (V
1
n × V
2
n )
is clopen in X × Y . Let fn : supp µn → [−1, 1] be defined by
fn(z) = µn({z})/|µn({z})|
for z ∈ suppµn. Since supp µn is finite, we can extend each fn to a continuous function
Fn : ClX×Y (V
1
n × V
2
n )→ [−1, 1].
Since sets ClX×Y (V 1n × V
2
n ) are clopen, the union of all Fn is continuous on U , and we
can extend this union to a bounded continuous F on X × Y , declaring value 0 outside U .
Clearly, for all n ∈ ω, we have µn(F ) = 1, a contradiction. 
For a set A by △A we denote the diagonal {(a, a) : a ∈ A} in A×A.
Lemma 5.6. Let E, F be non-empty finite subsets of a set X, and µ be a signed measure
on E × F . Then there exist disjoint G ⊂ E and H ⊂ F such that
|µ|(G×H) ≥ |µ|((E × F ) \ △X)/6.
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Proof. Let A = E ∩F . First, we will show that there exist disjoint subsets B,C of A such
that
|µ|(B × C) ≥ |µ|((A× A) \ △A)/4.
The case when |A| ≤ 1 is easy, so we also assume that |A| > 1. Suppose the contrary,
then, for any partition (B,C) of A, we have
|µ|(B × C) < |µ|((A× A) \ △A)/4.
Case 1. |A| = 2n + 1. Let P be the family of all partitions (B,C) of A such that
|B| = n, |C| = n+ 1. We have |P| =
(
2n+1
n
)
and each point from (A×A) \△A appears in(
2n−1
n−1
)
sets B × C, where (B,C) ∈ P. Hence we have
(
2n− 1
n− 1
)
|µ|((A×A) \ △A) =
∑
{|µ|(B × C) : (B,C) ∈ P}
<
(
2n+ 1
n
)
(|µ|((A× A) \ △A)/4) .
Since (
2n+ 1
n
)
/
(
2n− 1
n− 1
)
= 2(2n+ 1)/(n+ 1) = 4− 2/(n+ 1) ≤ 4,
we arrive at a contradiction.
Case 2. |A| = 2n. Repeat the argument from the first case using partitions into sets of
size n and the estimate
(
2n
n
)
/
(
2n−2
n−1
)
= 2(2n− 1)/n ≤ 4.
Next, observe that
(E × F ) \ △X =
(
(E \ F )× F
)
∪
(
A× (F \ E)
)
∪
(
(A×A) \ △A
)
,
and the sets A,E \ F, F \ E are all disjoint. If the variation |µ| of one of the rectangles
(E \ F )× F and A× (F \ E) is at least equal to |µ|((E × F ) \ △X)/6, then we can take
this rectangle as G×H . If this is not the case, then we have
|µ|((A×A) \ △A) > (4/6) · |µ|((E × F ) \ △X),
which implies that
|µ|(B × C) > (1/4) · (4/6) · |µ|((E × F ) \ △X),
and we can take G = B and H = C. 
Lemma 5.7. Let (µn)n∈ω be a BJN-sequence on a space X. If Z is a subset of X such that
lim
n
‖µn ↾ Z‖ = 0, then there exist an increasing sequence (nk) and a BJN-sequence (νk)k∈ω
in X such that supp νk ⊂ supp µnk \ Z for every k ∈ ω.
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Proof. Take an increasing sequence (nk) that ‖µnk ↾ Z‖ < 1 for all k. Let Y = X \ Z.
Define νk = (µnk ↾ Y )/‖µnk ↾ Y ‖. We have
lim
k
‖νk − µnk‖ = 0,
and hence one has that (νk)k∈ω is a BJN-sequence on X. 
Finally, we present the main result of this section. It is proved under the following
set-theoretic assumption
(†) There exists a function A 7→ uA assigning to each A ∈ [ω]ω a weak P -point uA ∋ A
on ω such that for every pair 〈f1, f2〉 of functions from ω to ω, there exists A ⊂ [ω]
ω
of size |A| < c such that for all A1 6∈ A and A2 ∈ [ω]
ω \ {A1} we have f1(uA1) 6=
f2(uA2), provided that f1(uA1), f2(uA2) ∈ ω
∗.
We do not know whether (†) can be proved outright in ZFC. However, at the end of
this section we present a constellation of cardinal characteristics of the continuum which
implies (†) and holds in many standard models of set theory as well as is implied by the
Continuum Hypothesis or Martin’s axiom.
Theorem 5.8. Let [ω]ω ∋ A 7→ uA ∈ Clβω(A)∩ω
∗ be a witness for (†) and X = ω ∪ {uA :
A ∈ [ω]ω}. Then Cp(X ×X) does not have the BJNP, and hence it does not have the JNP.
Proof. Suppose the contrary, and let (µn)n∈ω, (A1n)n∈ω, and (A
2
n)n∈ω be sequences of mea-
sures and sets given by Lemma 5.4. Let
A =
⋃
i=1,2
⋃
n∈ω
Ain.
By condition (4) of Lemma 5.4, the set A is discrete.
First we will show that
(∗) lim
n
|µn|((A
1
n ×A
2
n) \ △X) = 0.
Assume towards the contradiction that there exist an a > 0 and an increasing sequence
(nk) such that
|µnk|((A
1
nk
× A2nk) \ △X)) > a
for all k ∈ ω. Using Lemma 5.6, for each k ∈ ω, we can find disjoint sets Bik ⊂ A
i
nk
, i = 1, 2,
such that
|µnk|(B
1
k ×B
2
k) > a/6.
Let Bi =
⋃
k∈ωB
i
k for i = 1, 2. From conditions (1), and (2) of Lemma 5.4, it follows that
the sets B1, B2 ⊂ A are disjoint.
Since the set A is discrete, we can find a disjoint family {Up : p ∈ A} of subsets of ω,
such that the closure of Up is a neighborhood of p.
For i = 1, 2 and k ∈ ω, let
V ik =
⋃
{Up : p ∈ B
i
k} and W
i
k =
⋃
{Up : p ∈ A
i
nk
}.
These sets have the following properties:
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(1) For fixed i, the family {W ik : k ∈ ω} is disjoint;
(2) B1k × B
2
k ⊂ ClX×X(V
1
k × V
2
k ) ⊂ ClX×X(W
1
k ×W
2
k );
(3) suppµnk ⊂ ClX×X(W
1
k ×W
2
k ).
Moreover, the sets V i =
⋃
k∈ω V
i
k , i = 1, 2, are disjoint, hence have disjoint closures in X.
Consider maps fi : ω → ω such that f−1i ({2k}) = V
i
k and fi ↾ (ω \ V
i) is injective and
takes odd values, where i = 1, 2. Set
U ′ =
⋃
k∈ω
ClX×X(V
1
k × V
2
k )
and note that if (u1, u2) ∈ ClX×X(U ′) \ U ′, then u1 6= u2 and, by Lemma 5.2, f1(u1) =
f2(u2) ∈ ω
∗. Applying (†) to (f1, f2) we get A ⊂ [ω]ω of size |A| < c such that for all A1 6∈ A
and A2 ∈ [ω]ω \ {A1} we have f1(uA1) 6= f2(uA2), provided that f1(uA1), f2(uA2) ∈ ω
∗. It
follows from the above that
ClX×X(U
′) \ U ′ ⊂ {uA : A ∈ A}
2.
Applying Lemma 5.1 we can find I ∈ [ω]ω such that the set
ClX
(⋃
k∈I
V ik
)
\
⋃
k∈I
ClX(V
i
k )
is disjoint from {uA : A ∈ A}, where i = 1, 2. Thus, the set
U =
⋃
k∈I
ClX×X(V
1
k × V
2
k )
is clopen in X × X. Indeed, since U is clearly open, it remains to prove that it is also
closed. Otherwise there exists (u1, u2) ∈ ClX×X(U) \ U . Since for every n 6∈ I we have
that ClX×X(V 1n × V
2
n ) is a clopen subset of X ×X disjoint from U , it is also disjoint from
ClX×X(U), and hence
ClX×X(U) \ U ⊂ ClX×X(U
′) \ U ′,
which yields
(u1, u2) ∈ {uA : A ∈ A}
2.
In particular u1 ∈ {uA : A ∈ A}. However,
u1 ∈ ClX
(⋃
k∈I
V 1k
)
\
⋃
k∈I
ClX(V
1
k )
by the last clause of Lemma 5.2, which is impossible by our choice of I.
For every k ∈ I set Ck = supp µnk ∩ U . Properties (1)–(3) imply the inclusions
suppµnk ∩ (B
1
k ×B
2
k) ⊂ Ck ⊂ ClX×X(V
1
k × V
2
k ) .
Let fk : Ck → [−1, 1] be defined by
fk(z) = µnk({z})/|µnK({z})|
for z ∈ Ck. Since Ck is finite, we can extend each fk to a continuous function
Fk : ClX×X(V
1
k × V
2
k )→ [−1, 1].
26 J. KĄKOL, W. MARCISZEWSKI, D. SOBOTA, AND L. ZDOMSKYY
Since sets ClX×Y (V 1k × V
2
k ) are clopen, the union of all Fk, k ∈ I, is continuous on U , and
we can extend this union to a bounded continuous F on X ×X, declaring value 0 outside
U . Clearly, for all k ∈ I, we have µnk(F ) > a/6, a contradiction.
Now, condition (∗) and Lemma 5.7 imply that X × X admits a BJN-sequence (νk)k∈ω
supported on △X . Clearly, △X is homeomorphic to X, and each continuous bounded func-
tion on△X extends to a continuous bounded function onX×X. We obtain a contradiction
with the lack of BJNP for Cp(X), see Proposition 3.1. 
Now, we present a sufficient condition for (†). Recall that u denotes the minimal cardi-
nality of a base of neighborhoods for an ultrafilter in ω∗, and d is the minimal cardinality
of a cover of ωω by compact sets. These cardinal characteristics can consistently attain
arbitrary uncountable regular values ≤ c, independently one from another, see [10]. If
u < d, then d is regular, see [43] and [8] for more information on these as well as other
cardinal characteristics of the continuum.
Recall that u ∈ ω∗ is a P-point, if for any countable family B of open neighbourhoods of
u in ω∗ the intersection ∩B contains u in its interior. Clearly, every P -point is also a weak
P -point. P -points exist under various set-theoretic assumptions, e.g., under d = c every
filter on ω generated by < c many sets can be enlarged to a P -point, see [30]. On the other
hand, there are models of ZFC without P -points (see [45]). In contrast with P -points the
weak P -points exist in ZFC by [31].
A family A ⊂ [ω]ω is called strongly centered, if ∩A′ ∈ [ω]ω for any finite A′ ⊂ A.
A sequence of elements of [ω]ω is strongly centered if the set of its elements is strongly
centered.
Lemma 5.9. If d = c ≤ u+, then (†) holds. Moreover, there is a map A 7→ uA witnessing
for (†) such that uA is a P -point for every A ∈ [ω]
ω.
Proof. We need the following auxiliary
Sublemma 5.10. Suppose that κ is a cardinal such that κ ≤ u and κ < c = d. Suppose
that {uξ : ξ < κ} ⊂ ω
∗ and {〈f ξ1 , f
ξ
2 〉 : ξ < κ} is a family of pairs of maps from ω to ω.
Then for every A ∈ [ω]ω there exists a P -point u ∋ A such that f ξ1 (u) 6= f
ξ
2 (uξ) for all
ξ < κ, provided that f ξ1 (u), f
ξ
2 (uξ),∈ ω
∗.
Proof. Without loss of generality we may assume that f ξ2 (uξ) ∈ ω
∗ for all ξ < κ. Fix
A ∈ [ω]ω. Set A−1 = A and suppose that for some η < κ we have already constructed
a strongly centered sequence Aη = 〈Aξ : −1 ≤ ξ < η〉 of infinite subsets of ω with the
following property (we associate ξ with the set {α : α < ξ}):
(∗)η For every ξ < η, if f
ξ
1
(⋂
γ∈aAγ
)
∈ [ω]ω for all a ∈ [ξ ∪ {−1}]<ω, then Aξ =
(f ξ1 )
−1(Bξ) for some Bξ ∈ [ω]ω \ f
ξ
2 (uξ) (hence f
ξ
1 (Aξ) 6∈ f
ξ
2 (uξ)).
If f η1
(⋂
γ∈aAγ
)
is finite for some a ∈ [η ∪ {−1}]<ω, then we simply set Aη = ω. If
f η1
(⋂
γ∈aAγ) is infinite for all a ∈ [η ∪{−1}]
<ω and f η1
(⋂
γ∈aη
Aγ) 6∈ f
η
2 (uη) for some finite
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aη ∈ [η ∪ {−1}]
<ω, then we set
Aη = (f
η
1 )
−1(f η1
( ⋂
γ∈aη
Aγ
)
).
Otherwise, notice that for the family
Y =
{
f η1
(⋂
γ∈a
Aγ
)
: a ∈ [η ∪ {−1}]<ω
}
⊂ f η2 (uη)
the family
{Clβω(Y ) \ Y : Y ∈ Y}
cannot be a base of neighborhoods of f η2 (uη) in ω
∗, because it has size < u, and thus there
exists X ∈ f η2 (uη) with |Y \X| = ω for all Y ∈ Y. Set Bη = ω \X and Aη = (f
η
1 )
−1(Bη).
It follows from the above that Aη+1 = 〈Aξ : −1 ≤ ξ ≤ η〉 is strongly centered and satisfies
(∗)η+1. This completes our recursive construction of a sequence Aκ = 〈Aξ : −1 ≤ ξ < κ〉.
Since κ < c = d, there exists a P -point u ⊃ {Aξ : −1 ≤ ξ < κ}, see [30, 1.2 Theorem]. For
every ξ ∈ κ such that f ξ1 (u) ∈ ω
∗ we have that f ξ1 (Aξ) ∈ f
ξ
1 (u) \ f
ξ
2 (uξ), which completes
our proof. 
Now we proceed with the proof of Lemma 5.9. Let {Aα : α < c} and {〈fα1 , f
α
2 〉 : α < c}
be enumerations of [ω]ω and the family of all pairs of functions from ω to ω, respectively.
Recursively over α ∈ c we shall construct a P -point uα ∋ Aα as follows: Assuming that uβ
is already constructed for all β ∈ α, let us fix an enumeration{
〈uξ, (f
ξ
1 , f
ξ
2 )〉 : ξ < κ
}
of {
〈uβ, (f
γ
1 , f
γ
2 〉 : β, γ ∈ α
}
,
where κ = |α× α|. By Sublemma 5.10 there exists a P -point uα ∋ Aα such that f
ξ
1 (uα) 6=
f ξ2 (uξ) for all ξ < κ, provided that f
ξ
1 (uα), f
ξ
2 (uξ),∈ ω
∗. In other words,
∀β, γ ∈ α
(
f γ1 (uα), f
γ
2 (uβ) ∈ ω
∗ ⇒ f γ1 (uα) 6= f
γ
2 (uβ)
)
.
The map Aα 7→ uα constructed this way clearly witnesses for (†). 
Remark 5.11. If there exists an RK-antichain of size c consisting of weak P -points, then
(†) holds. Indeed, let A be such an antichain. Using a standard transfinite inductive
construction, we can easily obtain a family {uA : A ∈ [ω]ω} ⊂ ω∗ such that, for any
A ∈ [ω]ω, A ∈ uA, and the ultrafilters uA and uB are isomorphic to distinct elements of A
for A 6= B. Clearly, the assignment A 7→ uA is as required in (†). However, by Lemma 5.9,
(†) holds in all models of c = d ≤ ω2, in particular it holds in the Blass–Shelah model
constructed in [9] in which the RK-preorder is downwards directed. Thus the existence of
such RK-antichans as mentioned above is sufficient but not necessary for (†) and thus also
for Theorem 5.8.
Theorem 1.5 follows now easily.
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Proof of Theorem 1.5. The theorem follows from Theorems 5.8 and 4.3, Corollary 4.5,
and the consistency of (†). 
References
[1] A. V. Arkhangel’ski, A survey of Cp-theory, Questions Answers Gen. Topology 5 (1987), 1-109.
[2] A. V. Arkhangel’ski, Cp-theory, in: Recent progress in general topology, North-Holland, (1992), 1-56.
[3] T. Banakh, S. Gabriyelyan, The Josefson–Nissenzweig property for locally convex spaces, preprint,
2019.
[4] T. Banakh, J. Kąkol, W. Śliwa, Metrizable quotients of Cp-spaces, Topology Appl. 249 (2018), 95-102.
[5] T. Banakh, J. Kąkol, W. Śliwa, Josefson–Nissenzweig property for Cp-spaces, RACSAM 113 (2019),
3015-3030.
[6] W. Bielas, On convergence of sequences of Radon measures, Praca semestralna nr 2, Środowiskowe
Studia Doktoranckie z Nauk Matematycznych, 2011, preprint,
http://ssdnm.mimuw.edu.pl/pliki/prace-studentow/st/pliki/wojciech-bielas-2.pdf
[7] A. Blass, The Rudin–Keisler ordering of P-Points, Trans. Amer. Math. Soc. 179 (1973), 145–166.
[8] A. Blass, Combinatorial cardinal characteristics of the continuum, in: Handbook of set theory, eds. M.
Foreman, A. Kanamori, Springer Netherlands, 2010.
[9] A. Blass and S. Shelah, There may be simple Pℵ1- and Pℵ1-points and the Rudin–Keisler ordering
may be downward directed, Annals of Pure and Applied Logic, 33 (1987), 213–243.
[10] A. Blass and S. Shelah, Ultrafilters with small generating sets, Israel Journal of Mathematics 65
(1989), 259–271.
[11] J. Bourgain, H∞ is a Grothendieck space, Studia Math. 75 (1983), 193–216.
[12] P. Cembranos, C (K,E) contains a complemented copy of c0, Proc. Amer. Math. Soc. 91 (1984),
556-558.
[13] W.W. Comfort, S. Negrepontis, The theory of ultrafilters, Springer-Verlag, Berlin, 1974.
[14] J. Diestel, Sequences and series in Banach spaces, Springer-Verlag, Berlin, 1984.
[15] T. Dobrowolski, W. Marciszewski, J. Mogilski, On topological classification of function spaces Cp(K)
of low Borel complexity, Trans. Amer. Math. Soc. 328 (1991), 307–324.
[16] P. Domański, L. Drewnowski, Fréchet spaces of continuous vector-valued functions: Complementability
in dual Fréchet spaces and injectivity, Studia Math. 102 (1992) 257-267.
[17] R. Engelking, General topology, PWN–Polish Scientific Publishers, Warsaw, 1977, translated from the
Polish language by the author, Monografie Matematyczne 60. [Mathematical Monographs 60].
[18] J. C. Ferrando, J. Kąkol, M. Lopez-Pellicer, W. Śliwa, On the separable quotient problem for Banach
spaces, Functiones et Approximato Commentarii Mathematici 59 (2018), 153–173.
[19] F. J. Freniche, Barrelledness of the space of vector valued and simple functions, Math. Ann. 267
(1984) 479-486.
[20] L. Gillman and M. Jerison, Rings of continuous functions, The University Series in Higher Mathe-
matics, D. Van Nostrand Co., Inc., Princeton, N.J.–Toronto–London–New York, 1960.
[21] A. Grothendieck, Sur les applications lineaires faiblement compactes d’espaces du type C(K), Canadian
J. Math. 5 (1953), 129–173.
[22] H. Jarchow, Locally convex spaces, B.G. Teubner, Stuttgart, 1981.
[23] T. Jech, Set theory. 3rd Millenium edition, Springer–Verlag, 2002.
[24] J. Hagler, W. B. Johnson, On Banach spaces whose dual balls are not weak∗ sequentially compact,
Izrael J. Math. 28 (1977), 325-330.
[25] P. Halmos, Measure theory, Springer–Verlag, 1974.
[26] R. Haydon, Three examples in the theory of spaces of continuous functions, C. R. Acad. Sci. Sor. 276
(1973), 685-687.
[27] J. Kąkol, D. Sobota, L. Zdomskyy, The Josefson–Nissenzweig theorem, Grothendieck property, and
finitely-supported measures on compact spaces, preprint, 2020.
COMPLEMENTED COPIES OF c0 IN SPACES Cp(X × Y ) 29
[28] J. Kąkol, S. A. Saxon, Separable quotients in Cc(X), Cp(X) and their duals, Proc. Amer. Math. Soc.
145 (2017), 3829-3841.
[29] J. Kąkol, W. Śliwa, Efimov spaces and the separable quotient problem for spaces Cp(K), J. Math.
Anal. App., 457, (2018), 104-113.
[30] J. Ketonen, On the existence of P-points in the Stone–Čech compactification of integers, Fund. Math.
92 (1976), 91–94.
[31] K. Kunen, Weak P -points in N∗. Topology, Vol. II (Proc. Fourth Colloq., Budapest, 1978), pp. 741–
749, Colloq. Math. Soc. Janos Bolyai, 23, North-Holland, Amsterdam-New York, 1980.
[32] E. Lacey, Separable quotients of Banach spaces, An. Acad. Brasil. Ciènc. 44 (1972), 185–189.
[33] W. Marciszewski, A function space Cp(X) not linearly homeomorphic to Cp(X) × R, Fundamenta
Math. 153 (1997), 125-140.
[34] R.A. McCoy, I. Ntantu, Topological properties of spaces of continuous functions, Lecture Notes in
Math. 1315, 1988.
[35] J. van Mill, An introduction to βω, in: Handbook of set-theoretic topology, North-Holland, (1984),
503-567.
[36] J. van Mill, The infinite-dimensional topology of function spaces, North-Holland Mathematical Library
64, North-Holland, Amsterdam, 2001.
[37] P. Pérez Carreras, J. Bonet, Barrelled locally convex spaces, North-Holland Mathematics Studies 131,
North-Holland, Amsterdam, 1987.
[38] H. Pfitzner, Weak compactness in the dual of a C∗-algebra is determined commutatively, Math. Ann.
298 (1994), 349–371.
[39] G. Plebanek, On Grothendieck spaces, 2005, an unpublished note.
[40] H. P. Rosenthal, On quasi-complemented subspaces of Banach spaces, with an appendix on compactness
of operators from Lp (µ) to Lr (ν), J. Funct. Anal. 4 (1969), 176-214.
[41] G. L. Seever, Measures on F-spaces, Trans. Amer. Math. Soc. 133 (1968), 267-280.
[42] V. V. Tkachuk, A Cp-theory problem book. Topological and function spaces, Springer, Berlin, 2010.
[43] J.E. Vaughan, Small uncountable cardinals and topology. With an appendix by S. Shelah, in: Open
problems in topology, eds. J. van Mill and G. M. Reed, North-Holland, Amsterdam, 1990 , pp. 195–218.
[44] S. Warner, The topology of compact convergence on continuous functions spaces, Duke Math. J., 25
(1958), 265-282.
[45] E. L. Wimmers, The Shelah P-point independence theorem, Israel Journal of Mathematics 43 (1982),
28–48.
Faculty of Mathematics and Computer Science, A. Mickiewicz Univesity, Poznań, Poland,
and Institute of Mathematics, Czech Academy of Sciences, Prague, Czech Republic.
E-mail address : kakol@amu.edu.pl
Institute of Mathematics and Computer Science, University of Warsaw, PolandWarszawa,
Poland.
E-mail address : wmarcisz@mimuw.edu.pl
Universität Wien, Institut für Mathematik, Kurt Gödel Research Center, Augasse 2-6,
UZA 1 — Building 2, 1090 Wien, Austria.
E-mail address : damian.sobota@univie.ac.at
Universität Wien, Institut für Mathematik, Kurt Gödel Research Center, Augasse 2-6,
UZA 1 — Building 2, 1090 Wien, Austria.
E-mail address : lzdomsky@gmail.com
